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An interesting aspect of antiferromagnetic quantum spin ladders, with complete dimer coverings,
is that the wave function can be recursively generated by estimating the number of coverings in the
valence bond basis, which follow the fabled Fibonacci sequence. In this work, we derive generalized
forms of this sequence for multi-legged and doped quantum spin ladders, which allow the corre-
sponding dimer-covered state to be recursively generated. We show that these sequences allow for
estimation of physically and information-theoretically relevant quantities in large spin lattices with-
out resorting to complex numerical methods. We apply the formalism to calculate the valence bond
entanglement entropy, which is an important figure of merit for studying cooperative phenomena
in quantum spin systems with SU(2) symmetry. We show that introduction of doping may mitigate,
within the quarters of entanglement entropy, the dichotomy between odd- and even- legged quantum
spin ladders.
I. INTRODUCTION
An important class of many-body systems, in contem-
porary research on the spin-singlet ground states of the
spin-1/2 antiferromagnetic (AFM) Heisenberg model,
is the resonating valence bond (RVB) states [1], which
were introduced to study Mott-insulators [2] and high-
Tc superconductivity in cuprates [3–5]. Over the years,
RVB states have been significant in investigation of ex-
otic quantum phenomena ranging from spin liquids,
topological phases of matter [6–8], and quantum corre-
lations [9–19]. For low dimensional quantum AFM spin
systems the ground state (GS) is often represented in
terms of the short-range RVB ansatz [20], which is well
supported by various numerical and tensor-network
methods [20–23]. Moreover, there are instances where
short-ranged RVB states have been shown to be the ex-
act ground state of important strongly-correlated spin
models over distinct regions in the parameter space [18–
29]. An interesting feature of the short-range RVB state,
with spin singlets between nearest-neighbor (NN) spins,
is that the state for an arbitrary number of spins can be
recursively generated from smaller states [11–19]. In
particular, for spin models in a ladder configuration
with NN dimers the number of possible dimer cover-
ings in the RVB state is given by the Fibonacci sequence
[30]. More precisely, the number of coverings in the va-
lence bond basis, for an N -rung short-range RVB ladder
state, is the sum of the possible coverings for (N−1)- and
(N − 2)-rung RVB ladders [11, 12]. It is often said that
the Fibonacci numbers are nature’s numbering system.
There exist an enormous number of examples where the
basic structure of naturally occuring patterns, such as
phyllotaxis and flowering in plants, arrangement in pine
cones and pineapples, pedigrees in honeybees, and var-
ious shell proportions in molluscs (see Fig. 1), follow the
Fibonacci sequence (cf. Refs. [30, 31]).
The presence of such a sequence for the dimer cover-
ings has a direct bearing on analytical computation of
important physical quantities in RVB systems. Several
relevant system properties, such as two-site correlation
functions [11–13] and short-range and global entangle-
ment [16–19] can be obtained from the terms in the se-
quence, without employing any approximate numerical
or mean-field methods even for a large number of lat-
tice sites. For instance, in short-range RVB states on a
spin ladder, with equal-weight superposition of all pos-
sible NN dimer coverings, the valence bond entangle-
ment entropy [32, 33] across any bipartition can be de-
rived as a function of the number of coverings in each
contiguous block on either side of the bipartition. These
numbers are then obtained directly from the Fibonacci
sequence, which for large N increases with the golden
ratio, Φ [31].
FIG. 1. (Color online.) The naturally occurring patterns on
the molluscan shell roughly follows the golden spiral, with the
areas of the square blocks following the Fibonacci sequence.
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2In this work, we look at the possibility of deriv-
ing generalized sequences, similar to the Fibonacci se-
quence but for the more complex RVB states, corre-
sponding to multi-legged and doped quantum spin-1/2
ladders. Beginning with resonant states that arise from
quantum spin Hamiltonians, under the RVB ansatz, we
show that a recursion relation, in terms of the number
of coverings in the valence bond basis, can be generated
to build larger N -rung RVB states from smaller rung
states (cf. [11–13, 15–19]). Importantly, a generalized se-
quence for the number of coverings in these states can
be derived. These sequences predictably deviate from
the usual Fibonacci sequence, which only corresponds
to the case for RVB states in undoped two-legged spin
ladders. Nonetheless, these generalized sequences in
multi-legged and doped spin ladders allow us the same
potential to compute important physical quantities. In
particular, we show that one can calculate the valence
bond entanglement entropy for these states, which is a
recently introduced estimator of the characteristics of
block entanglement entropy [34, 35] in quantum spin
systems with SU(2) symmetry [32, 33]. This allows us
to provide important insights into the dichotomy be-
tween odd- and even-legged quantum spin ladders and
the strong effects of doping, in terms of the variation of
the average number of dimers and valence bond entan-
glement entropy in large quantum spin ladders.
The paper is arranged as follows. In Sec. II, we be-
gin with the derivation the recursion relation, and the
Fibonacci sequence for the number of dimer coverings,
in two-legged RVB ladders. In Sec. III, we derive the
generalized sequences obtained from the recursion rela-
tions for multi-legged quantum spin ladders. We intro-
duce doped RVB spin ladders in Sec. IV, and obtain the
generalized sequences. We define and analyze the va-
lence bond entanglement entropy for the above systems
in Sec. V. We end with a conclusion in Sec. VI.
II. THE FIBONACCI SEQUENCE IN RESONATING
VALENCE BOND LADDER
We begin by taking a look at the nearest-neighbor
dimer-covered state, also called the short-range resonat-
ing valence bond state, of the two-legged quantum spin
ladder. Henceforth, the term RVB in this work, shall
imply short-range RVB state, unless stated otherwise.
An archetypal Hamiltonian for the two-legged quantum
spin-1/2 Heisenberg ladder, supporting an RVB ansatz
[12, 14], can be written as
H2-leg = J
2∑
m=1
N−1∑
i=1
~Smi · ~Smi+1 + J ′
N∑
i=1
~S1i · ~S2i , (1)
where, ~Smi is the spin operator at the i
th site on the mth
leg, and J (J ′) is the NN spin-spin interaction along the
legs (rungs). For J = 0, there is no interaction along the
legs, and the singlet ground state of the Hamiltonian is
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FIG. 2. (Color online.) The resonance (indicated by two-way
arrow) between the dimer coverings in the states |1〉⊗2 gen-
erates the configuration |2¯〉, for the two-legged quantum spin
ladders. The sites on different bipartite lattices, A and B, have
been distinguished using two different colors.
the product of dimers or spin-singlets along the rungs
of the ladder: |ΨN˜ 〉 = 1√2 (| ↑1i ↓2i 〉 − | ↓1i ↑2i 〉)⊗N ≡ |1〉⊗N .
Here, N˜ = 2 × N , is the number of spins in the ladder
and open boundary conditions have been considered.
According to the RVB ansatz, as soon as the intra-leg in-
teraction, J , is switched on, pairs of NN rung dimers
(|1〉⊗2) begin to resonate and generate pairs of horizon-
tal dimers, |2¯〉 (see Fig. 2), with weightage proportional
to the interactions, u1 ≈ J/J ′ [14]. Such resonance al-
lows for significant lowering of GS energy. For a lad-
der with two rungs (N˜ = 4), the unnormalized GS is
then given by |Ψ4〉 = |1〉⊗2 + u1|2¯〉. All RVB states for
the two-legged ladder can be build recursively using the
resonant states |1〉 and |2¯〉.
Building on the above ansatz, independent of the lat-
tice or the Hamiltonian, the entire RVB state can be build
by defining such dimer states that resonate between NN
sites. We begin by defining a bipartite lattice, with two
sublattices, A and B, where each site on sublattice A (B)
is surrounded by NNs on sublattice B (A). A dimer or
a singlet is formed between any pair of NN spins be-
longing to different sublattices, and can be written as
[ek, el] =
1√
2
(| ↑k↓l〉 − | ↓k↑l〉), such that k ∈ A and
l ∈ B. We assume that the singlets are always directed
from a site in A to one in B. A single unique cover-
ing of the ladder lattice, with NN dimers, is then given
by |φi〉 = ([e1, e2] ⊗ [e3, e4] ⊗ . . . [eN˜−1eN˜ ])i, where the
odd (even) indices belong to sublattice A (B), and N˜
is even. All such unique coverings together form an
overcomplete valence bond basis. The variational RVB
state in this basis, with weights Wi, can then be written
as |ΨRVB〉 =
∑Z
i=1Wi([e1, e2] ⊗ [e3, e4] ⊗ . . . [eN˜−1eN˜ ])i,
where Z is the number of all possible coverings or states
in the basis {|φi〉}. With regards to the Hamiltonian for
the two-legged ladder (Eq. (1)), the weightsWi would be
dependent on the interactions J and J ′. We note that the
state |ΨRVB〉 is not normalized and importantly, {|φi〉} is
not an orthogonal basis. In general, the complexity of
the RVB state is compounded by this lack of orthogonal-
ity and the exponential increase of Z with the size of the
system. This renders exact methods unfeasible for calcu-
lating quantities such as entanglement entropy [34, 35]
in large RVB systems.
Now, returning to the N -rung, two-legged spin-1/2
3ladder, as defined for the Hamitonian in Eq. (1), in which
all the lattice sites are covered by spins, i.e., the system
has no dopants or holes, the RVB state |ΨN˜ 〉 = |N〉 (N˜ =
2 × N ) can be recursively built, using the smaller-rung
ladders, |N − 1〉 and |N − 2〉 [11, 12]. The corresponding
recursion relation reads as
|N〉 = |N − 1〉|1〉+ u1|N − 2〉|2¯〉. (2)
Therefore, the number of dimer coverings, ZN , in a two-
legged, N -rung, RVB ladder is given by
ZN = ZN−1 + ZN−2. (3)
Now, for N = 1 and 2, the RVB states are |Ψ2〉 = |1〉
(Z1 = 1) and |Ψ4〉 = |1〉⊗2 + u1|2¯〉 (Z2 = 2), respectively,
which generates the Fibonacci sequence {ZN}. One can
set Z0 = 1 without any loss of generality. The first few
terms of the sequence are tabulated below:
No. of dimer coverings ZN
Z1 Z2 Z3 Z4 Z5 Z6 Z7 Z8 Z9 . . .
1 2 3 5 8 13 21 34 55 . . .
An important quantity, from the perspective of gen-
eral RVB states, is the rate of divergence of the series
{ZN} at large N . For convenience of notation, we de-
note this rate as α, although for the Fibonacci sequence
it is conventionally denoted as Φ, and referred to as
the “golden ratio”. So, α = ZN/ZN−1 and it quantifies
the increase in the number of coverings with increasing
rung. For two-legged RVB ladders, α can be derived as
ZN = αZN−1 = α2ZN−2, (4)
for sufficiently large N . Now plugging these terms into
Eq. (3), one can obtain
α2 − α− 1 = 0 =⇒ α = 1 +
√
5
2
≈ 1.6180. (5)
The other value of α obtained from the equation is neg-
ative, which is not physical.
These recursion relations have been shown to be ex-
tremely important in calculations pertaining to several
important physical quantities [11–13], including gen-
uine multipartite entanglement [16–19].
III. MULTI-LEGGED SPIN LADDERS
In this section, we begin with an analysis of the
dimer covered states of the three- and four-legged RVB
ladders. The main aim is to obtain a sequence for the
number of coverings in the valence bond basis, similar
to the Fibonacci sequence. A motivation for the study
is to understand the growth of the dimer coverings
when the number of legs is more than two, which is
important for the asymptotic behavior of correlation
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FIG. 3. (Color online.) The resonant dimer coverings for the
three-legged quantum spin ladders. The state |3′′〉, is gener-
ated due to the resonance of dimers (indicated by two-way
arrow) in |3′〉. The states, |ηi〉 for i > 2, can be generated upon
increasing the rungs by inserting floating horizontal singlets at
the non-edge sites such that no non-singlet sharing blocks are
formed. This can be observed in the above figures by looking
at how |η2〉 is generated from |η1〉.
and entanglement in these quantum spin ladders.
Three-legged ladder– We begin with the case for the
three-legged ladder. For a 3 × N RVB ladder it is not
possible to have odd number of rungs (N ), as this shall
result in odd number of spin sites which cannot accom-
modate a complete dimer covering. The relevant Hamil-
tonian for the three-legged, evenN -rung quantum spin-
1/2 ladder can then be written as
H3-leg = J
3∑
m=1
N−1∑
i=1
~Smi · ~Smi+1 + J ′
2∑
m=1
N∑
i=1
~Smi · ~Sm+1i ,
(6)
where the objects are the same as considered in Eq. (1).
We note that the Hamiltonian can not have a low-energy
state with dimers along the rungs, which is radically dif-
ferent from the case for even-legged ladders. This is due
to the fact that there are odd number of sites along each
rung (odd legs), and no complete dimer covering can
form exclusively along the rungs, as in the case of the
state |1〉⊗N for the two-legged ladder. Consequently,
the form of the recursion and the corresponding gener-
alized sequence for the three-legged ladder are signifi-
cantly different from those of the even-legged ladders.
Using the RVB ansatz, for J ′ = 0, the GS is just sin-
glets between NN sites along the legs, with no inter-
action along the rungs, as given by the state |3′〉 (see
Fig. 3). As J ′ is turned on, the state can form new reso-
nant states, such as |3′′〉, with weight u1 ≈ J ′/J . This is
4similar to the resonance between the singlet pairs in the
two-legged RVB ladders. However, in the three-legged
ladders, additional resonant states, |ηi〉, can form with
weights u2 ≈ (J ′/J)2. Note here that the states |ηi〉’s are
configurations with 2(i+ 1) rungs, which cannot be de-
composed into products of smaller blocks of states. In
other words, one can argue that these states can be con-
sidered as terms arising from a similar resonance pro-
cess. Due to this fact, we assign the same coefficient to
all the |ηi〉 states. For an even N -rung three-legged lad-
der, the RVB state |N〉 can be recursively generated (not
to be confused with the |N〉 in Eq. (2) for two-legged
ladders), as given by the relation
|N〉 = |N − 2〉|3′〉+ u1|N − 2〉|3′′〉
+ u2
N/2−1∑
i=1
|N − 2i− 2〉|ηi〉. (7)
The number of dimer coverings, ZN , follow the relation
ZN = Z3¯ × ZN−2 +
N/2−1∑
i=1
ZN−2i−2 × Zηi ,
= 3 ZN−2 + 2
N/2−1∑
i=1
ZN−2i−2, (8)
where, from Fig. 3, we observe that Z3¯ = 3, where |3¯〉 =
|3′〉 + |3′′〉, and Zηi = 2, ∀ i. By rearranging the terms,
the above equation can further be simplified to ZN =
4 ZN−2−ZN−4.We note that the same notation, ZN , has
been used for all multi-legged ladders, where N is the
number of rungs.
Hence, we observe that though the recursion relation
for the three-legged RVB state does not yield the Fi-
bonacci sequence, a generalized sequence for {ZN} can
be obtained. The rate of divergence, at large N , is given
by α′2 = ZN/ZN−2, which gives us
ZN = α
′2ZN−2 = α′
4
ZN−4
α′4 − 4α′2 + 1 = 0 =⇒ α′2 = 2 +√3 ≈ 3.7320, (9)
where the higher value of α′2 (instead of 2 − √3) is nu-
merically observed. The quantity α′2 can be compared
with the rate of divergence in the Fibonacci sequence,
when one gallops over every next term in the sequence,
which is equal to α2 = Φ2 and we find that α′2 > α2.
Hence, the three-legged ladder offers a higher rate of
divergence when the number of rungs are increased,
as compared to the two-legged ladder. If we wish
to compare the number of coverings in the two- and
three-legged ladders, when the number of spins are
increased (and not the rungs), we must compare α′2
with the number α3. Due to the even-odd disparity, the
two-legged ladder seems to be more complex, in the
sense of having a larger number of coverings, than the
three-legged ladder, when compared with respect to the
 !! !!
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FIG. 4. (Color online.) The resonant dimer coverings for the
four-legged quantum spin ladders. The state |4¯〉, is generated
due to the resonance of dimers (indicated by two-way arrow)
in |1〉⊗2.The states, |ξi〉 for i > 2, can be generated upon in-
creasing the rungs by inserting floating horizontal singlets at
the non-edge sites such that no non-singlet sharing blocks are
formed.
increasing number of spins.
Four-legged RVB ladder– The Hamiltonian for the four-
legged quantum spin-1/2 ladder can be written as [14]
H4-leg = J
4∑
m=1
N−1∑
i=1
~Smi ·~Smi+1+J ′
3∑
m=1
N∑
i=1
~Smi ·~Sm+1i . (10)
We note that H4-leg is similar to the case for the two-
legged ladder but different from the odd-legged lad-
ders. For J = 0, the GS in the RVB ansatz is given by
singlets along the rungs, |1〉⊗2 (see Fig. 4). Subsequently,
when J 6= 0, but while J is still small, the resonances cre-
ated are presumably those where a single or two pairs of
horizontal rungs are formed, creating the state |4¯〉, with
relative weight u1 ≈ J/J ′ . Additional resonant states
are of the form given by |ξi〉. Similarly, one can proceed
to obtain the series, {ZN}, for the four-legged RVB lad-
der. The N -rung state can again be recursively be gen-
5erated as
|N〉 = |N − 1〉|1〉+ u1|N − 2〉|4¯〉+ u2
N−2∑
i=1
|N − i− 2〉|ξi〉.
(11)
Hence, the number of dimer coverings follows the re-
cursive relation
ZN = ZN−1Z1 + ZN−2Z4¯ +
N−2∑
i=1
ZN−i−2Zξi ,
= ZN−1 + 4ZN−2 + 2
N−2∑
i=1
ZN−i−2, (12)
where we have inserted Z1 = 1, Z4¯ = 4 and Zξi = 2,∀ i,
and upon rearranging the terms we get ZN = 2 ZN−1 +
3 ZN−2 − 2 ZN−3.
As with two- and three-legged ladders, the rate of in-
crease in the number of dimer coverings in four-legged
RVB ladders, α′′ = ZN/ZN−1, for large N is given by
the relation
ZN = α
′′ZN−1 = α′′
2
ZN−2 = α′′
3
ZN−3,
α′′3 − 2α′′2 − 3α′′ + 2 = 0 =⇒ α′′ ≈ 2.8136, (13)
where the solution of α′′, which is positive and greater
than unity, has been considered. With respect to the
number of rungs, the comparable rates of divergence
for the two-, three-, and four-legged ladders are respec-
tively α2, α′2, and α′′2. We find that the four-legged lad-
der has a much higher rate of divergence than the two-
and three-legged ladders. To account for the increase
in coverings due to the number of legs, one can define
a quantity, βl, such that ZlN = β
l
lZ
l
N−2, where l is the
number of legs. This gives us β2 = 2.6180, β3 = 2.4060,
and β4 = 2.8136. With respect to the number of spins,
for the same set of ladders, the comparable rates are α6,
α′4, and α′′3, respectively, such that the number of spins
to compare at each step are equal, i.e., 2 × 6 = 3 × 4 =
4 × 3. Again, the four-legged ladder has a much higher
rate of divergence than the two-legged ladder, with the
three-legged ladder having the lowest rate.
The recursion relations in Eqs. (2), (7), and (11),
gives us the closest RVB states on the two-legged,
three-legged, and four-legged spin ladders, respectively,
which then allows us to the calculate the number of
dimer coverings in the lattice. We note that dimer ar-
rangements on a rectangular or quadratic lattice, as is
the case for the undoped spin ladders, can also be enu-
merated using a closed analytical relation, as given in
Ref. [36]. The results obtained from our recursions agree
with those obtained from the analytical relation in the
asymptotic limit, with an exact match obtained for the
rate of divergence in two- and three-legged ladders.
However, for the doped spin lattice, no such expression
to compute the coverings exist, as the arrangement of
monomer-dimers on a lattice is an NP-complete prob-
lem [37]. In the next section, we extend our recursion
relation to compute the number of dimer-hole coverings
for the RVB states in doped quantum spin ladders.
IV. DOPED SPIN LADDERS
The doped quantum spin ladder is a strongly-
correlated electron system with an extremely rich phase
structure. Many physical properties of spin lattices un-
dergo significant changes when some doping or impu-
rity is added to the system. In recent times, attempts
have been made to establish fundamental connections
between high-Tc superconductivity and quantum spin
fluctuations in underdoped cuprates [38], leading to ex-
tensive study of the properties of doped RVB states [39].
A suitable model to study a doped quantum spin lad-
der is the t-J Hamiltonian [13], given by
Hdoped = J
M∑
m=1
N−1∑
i=1
~Smi · ~Smi+1 + J ′
M−1∑
m=1
N∑
i=1
~Smi · ~Sm+1i
−
∑
〈i,j〉,s
tij PG(c†i,scj,s + c†j,sci,s)PG , (14)
where tij = t, t′, depending on whether the NN terms
(〈i, j〉) are along the legs or rungs, following the nota-
tion for J and J ′. s is for the spins {↑, ↓} and PG is the
Gutzwiller projection to avoid double occupancy.
To provide a picture for GS of the above t-J Hamilto-
nian, let us consider the case for the doped two-legged,
N -rung ladder. In the absence of doping, and in the
limit J ′  J, t, t′, the model reduces to the case J = 0
in Eq. (1), and the GS is given by a product of singlets
along the rung, i.e., |1〉⊗N . When the system is doped
with a hole, a singlet pair is broken, and the hole forms
a quasi-particle associated with the unpaired spin. In-
troduction of a second hole replaces the unpaired elec-
tron, which is energetically favorable as compared to
breaking a second singlet pair, thus forming a bound
pair of holes. The resonant states that emerge upon in-
creasing the other parameters is a superposition of hole
pairs and dimers, in an effective dimer hard-core bo-
son model [13]. Beyond this, additional distant hole
pairs that keep the dimer arrangement complete can
also be formed, as shown in Fig. 5. In principle, the
holes “resonate” along with the dimers in a model con-
taining all possible monomer-dimer arrangements. The
doped RVB states are considered to be possible ground
states of certain 1D [28] and 2D [29] physical models.
This increases the importance of studying the physical
properties related to the doped RVB states. However,
presence of dopants in the system, increases the com-
putational complexity to levels far higher than the un-
doped cases, leading to fast growth of the number of
coverings. Computation of quantities such as entan-
glement entropy becomes extremely hard even in com-
paratively smaller systems as compared to the undoped
dimer covered states. Therefore, estimating a general-
ized sequence of {ZN}, as done for undoped ladders,
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FIG. 5. (Color online.) The resonant hole-dimer arrangement
for the doped two-legged quantum spin ladders. In the above
resonant states there are two holes in the lattice. We note that
|2¯〉 is a possible resonant state in the absence of holes obtained
from the state |1, 1〉⊗2 (indicated by two-way arrow). Simi-
larly, the states |1, 1〉|1, 0〉 and |χ1〉 can be obtained as a result
of dimer-monomer resonance. On the other hand, the states
|χi〉 (for i = 2, 3) can be generated from the configuration |χ1〉
by inclusion of successive horizontal dimers.
is important and will provide valuable inputs to under-
stand the physical properties of doped RVB ladders.
To maintain consistency with the undoped case, we
investigate doped RVB ladders with two, three and four
legs, for different doping percentage or concentrations.
To accommodate the doping in the system, we adopt a
slightly different notation to represent the ladder states.
We denote the doped RVB ladder with NN dimers as
|N, k〉, where N is the number of rungs as before, and k
is the number of dimers or singlets present in the system
that form a complete covering. The remaining sites are
vacant or are holes in the spin lattice. The doping con-
centration is then given by nh = 1−ne = 1− 2kl×N , where
ne is the singlet density, and l is the number of legs.
The valence bond basis now consists of complete dimer
coverings and holes in all possible dimer-monomer
arrangements in the ladder lattice, such that |φN,ki 〉 =
([e1, e2] ⊗ [e3, e4] ⊗ . . . [e2k−1e2k] ⊗ |0〉⊗h)i, where |0〉
is the hole or dopant present in h vacant sites. The
arrangement of k singlets and h holes leads to the basis
states, {|φN,ki 〉}, and the RVB ladder is then given by
|N, k〉 =∑ZN,ki=1 W ′i |φN,ki 〉.
Two-legged doped ladder–We start from the t-J Hamilto-
nian in Eq. (16), and build on the hole-dimer RVB state
for a two-legged quantum spin ladder. To build on the
recursion of the doped RVB state, we may consider the
terms in the Eq. (2) for the undoped two-legged RVB
ladder. Due to presence of holes at some of the lattice
sites additional resonant terms emerge in the recursion,
as shown in Fig. 5. For a two-leg, N -rung doped RVB
ladder with k dimers, the recursion relation reads as
|N, k〉 = |N − 1, k − 1〉|1, 1〉+ u1|N − 2, k − 2〉|2¯〉+ u2|N − 1, k〉|1, 0〉+ u3
k∑
i=1
|N − i− 1, k − i〉|χi〉.
(15)
Using this, we find that the number of dimer coverings in |N, k〉 is given by
ZN,k = ZN−1,k−1Z1,1 + ZN−2,k−2Z2¯ + ZN−1,kZ1,0 +
∑
i
ZN−i−1,k−iZχi .
= ZN−1,k−1 + ZN−2,k−2 + ZN−1,k + 2
∑
i
ZN−i−1,k−i, (16)
where we have plugged the terms Z1,1 = 1, Z2¯ = 1
and Zχi = 2, and rearranged the terms to obtain
ZN,k = 2ZN−1,k−1 + ZN−1,k + ZN−2,k−1 − ZN−3,k−3.
Thus we obtain a recursion relation to generate the
series {ZN,k}. From Eq. (16), it is clear that the number
of dimer coverings has a dependence on the hole
concentration (nh). Similarly, the rate of divergence
(αN,k) is a function of nh, and though a closed analytical
form is cumbersome to present, the function can be
numerically estimated using the recursion with relative
ease. In Fig. 6, we plot αN,k = ZN,k/ZN−1,k, for varying
hole concentration (nh) (solid black circles), where
k′ = k − Nh. We observe that the effect of doping in
the two-legged RVB ladder causes αN,k to deviate from
golden ratio. Starting off from the golden ratio at nh = 0,
for low hole concentration, the quantity αN,k increases
with nh and reaches its maximum value at nhc ≈ 0.44.
Further increase of hole concentration reduces the rate
of divergence.
7Three-legged doped ladder– For the three-legged ladder,
the hole-dimer RVB state emerging from a possible t-J
model, with a large number of spins, can be constructed
from smaller system sizes, following the recursion
|N, k〉 = |N − 1, k〉|1, 1〉+ u1|N − 1, k〉|1, 0〉+ u2
N/2∑
i=1
3i−1∑
j=0
|N − 2i, k − 3i+ j〉|ηji 〉, (17)
where |ηji 〉’s can be derived directly from the terms |ηi〉 in Eq. (7) (shown in Fig. 3) by introducing a pair of holes.
Hence, the number of hole-dimer coverings follows the relation
ZN,k = ZN−1,k−1Z1,1 + ZN−1,kZ1,0 +
N/2∑
i=1
3i−1∑
j=0
ZN−2i,k−3i+jZjηi ,= 2ZN−1,k−1 + ZN−1,k + 3
N/2∑
i=1
3i−1∑
j=0
ZN−2i,k−3i+j ,
(18)
where we have used, Z1,1 = 2, Z1,0 = 1 and Zηji = 3.
For the three-legged doped RVB ladder, the rate of
divergence αN,k varies with the hole concentration
(nh) in a similar fashion to that observed in case of the
doped two-legged ladder (see the red squares in Fig. 6).
However, here αN,k reaches its maximum value at a
lower hole density (nhc ≈ 0.38). In addition to this,
for an arbitrary doping concentration, the value of the
function αN,k remains higher than that of the value
obtained for the two-legged case.
Four-legged doped ladder– We now derive the recursion
relation for a doped four-legged RVB ladder for arbi-
trary number of rungs (N ) and arbitrary hole concen-
tration (nh). The recursion relation for a four-legged N -
rung ladder is given by
|N, k〉 = |N − 1, k − 2〉|1, 2〉+ u1|N − 1, k〉|1, 0〉+ u2|N − 1, k − 1〉|1, 1〉
+ u3
N/2∑
i=1
4i−1∑
j=0
|N − 2i, k − 4i+ j〉|ξij〉,
(19)
where |ξji 〉 can directly be derived from the terms |ξi〉 given in Eq. (12) (shown in Fig. 4) by introducing pair of holes.
Hence, the number of dimer coverings follow the recursion
ZN,k = ZN−1,k−2Z1,2 + ZN−1,k−1Z1,1 + ZN−1,kZ1,0 +
N∑
i=1
4i−1∑
j=0
ZN−2i,k−4i+jZξji ,
= ZN−1,k−2 + 3ZN−1,k−1 + ZN−1,k + 2
N∑
i=1
4i−1∑
j=0
ZN−2i,k−4i+j . (20)
with Z1,2 = 1, Z1,1 = 3, Z1,0 = 1 and Zξji = 2, which
gives us the sequence {ZN,k}. The rate of divergence,
αN,k, as a function of nh, is plotted in Fig. 6. In this
case, for 0 < nh . 0.247, the quantity αN,k has a value
intermediate between the two- and three-legged doped
ladders. Moreover, αN,k reaches its maximum value, at
a hole concentration (nhc ≈ 0.5), which is much higher
than that of the previous cases for doped ladders. Fur-
ther increase of the hole concentration leads to reduction
of the diverging rate.
V. VALENCE BOND ENTANGLEMENT ENTROPY IN
QUANTUM SPIN LADDERS
While several significant physical quantities have
been explored for RVB ladders, including spin correla-
tion functions [11–13] and entanglement [16–19], most
of these works rely on employing numerical approaches
based on tensor-networks [20, 23], quantum Monte-
Carlo [22], mean-field [21], or sophisticated recursion
methods [16–19]. In this section, we show how the ob-
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FIG. 6. (Color online.) The changing face of the generalized se-
quences with increase in dopants. We exhibit here the rate of
increase of the number of coverings ZN,k, given by αN,k, for
different hole concentration nh. For each doped RVB ladder,
with a different number of legs, there is a particular value of
hole concentration, nhc , where αN,k is maximum. All quanti-
ties are dimensionless. We note that there is a sharp increase
in αN,k for finite doping in the three-legged ladder. This is due
to the fact that doping allows formation of extra coverings in
the recursion relation in Eq. (17) as compared to the undoped
case in Eq. (7).
tained generalized sequence of dimer coverings allows
us to directly obtain some interesting physical proper-
ties of the quantum spin ladders, without resorting to
any complex numerical method. The physical property
that we investigate is the valence bond entanglement en-
tropy [32, 33], which provides an alternative approach to
estimate the scaling behavior of entanglement entropy
in quantum spin systems with SU(2) symmetry. The
scaling behavior of entanglement entropy in the ground
state of strongly correlated systems has been widely re-
searched in recent years to study area law [40], critical
phenomena [41, 42] and ground state topology [43, 44]
(also see, [45–47]). Although intrinsic to the character-
istics of a physical system, entanglement entropy is not
easily computable in systems. To obtain the scaling be-
havior, it is imperative to consider larger systems be-
yond the realm of exact diagonalization. Moreover, ten-
sor network approaches such as density matrix renor-
malization group [48] and matrix product states [49]
seem unsuitable in dimensions higher than one.
The valence bond entanglement entropy in quantum
spin systems is defined as the average number of dimers
in the valence bond basis that cross the boundary be-
tween two bipartitions. Though not directly compara-
ble, the valence bond entanglement entropy has been
used to effectively predict the scaling properties of en-
tanglement entropy in the different phases of the non-
frustrated 2D spin-1/2 Heisenberg model [32, 33, 50, 51],
using Quantum Monte Carlo simulations in the valence
bond basis [52]. However, the predicted corrections
!	 ! − !	
FIG. 7. (Color online.) A dimer covered quantum spin ladder
with a bipartition across L˜ : N˜ − L˜ spins. The covering con-
tains ai = 2 dimers across the boundary, shared between the
blocks of L˜ and N˜ − L˜ spins, which contributes to the valence
bond entanglement entropy in Eq. (21). The above dimer ar-
rangement constitutes a single covering in the valence bond
basis {|φi〉}. For any given ladder, ZN such coverings are pos-
sible, each with ai singlets present across the boundary.
to the area law at criticality does not always seem to
be comparable [50]. To define the valence bond en-
tanglement entropy, one looks for possible represen-
tations of a quantum spin state with SU(2) symmetry
in the overcomplete dimer-covered valence bond ba-
sis {|φi〉} [32, 33]. For instance, the total spin singlet
ground state, of a quantum spin-1/2 Heisenberg sys-
tem, with even number of spins (N˜ ) can be represented
as |Ψ〉N˜ =
∑
Wi|φi〉, where Wi are the coefficients [52–
54] for each valence bond covering. Let us consider the
state, |Ψ〉N˜ , in a bipartition given by L˜ : N˜ -L˜, such that
for the basis state |φi〉, ai singlets are shared between L˜
and N˜ -L˜, i.e., ai singlets cross the boundary (see Fig. 7).
The valence bond entropy is then defined as [32]
SL =
ln 2∑ |Wi|∑i ai|Wi|, (21)
where, for consistency with later sections, SL is defined
for the number of rungs L in the ladder, such that L˜ =
l × L (l is the number of legs in the multi-legged lad-
der). For one dimensional system, L = L˜. For doped spin
lattices, each basis state in the overcomplete {|φi〉} will
now represent a complete hole-dimer covering, and the
above definition for valence bond entropy is then used
in a similar fashion.
We now look at how the sequence {ZN} can be used
to estimate the valence bond entropy across an arbitrary
boundary, for a two-legged RVB ladder with N rungs.
For simplicity, let us consider the case where J = J ′ in
Eq. (1) for the two-legged ladder, which leads to uni-
form resonance, u1 = 1, such that all resonant states are
equally weighted. This corresponds to Wi = 1,∀ i, in
9Eq. (21). For the boundary between the L and L + 1
rungs, such that the ladder is divided into L and N -
L rungs, the only coverings that contain a singlet pair
across the boundary between the L and L+ 1 rungs, are
those that have the state |2¯〉 at these rungs. Such cover-
ings come from the state, |L−1〉⊗|2¯〉L,L+1⊗|N−L−1〉.
Therefore the total number of singlets is
∑
i ai = 2ZL−1×
ZN−L−1, and the valence bond entanglement entropy is
given by
SL = ln 2
∑
ai∑
Wi
=
2ZL−1ZN−L−1
ZN
ln 2, (22)
as
∑
iWi = ZN , since Wi = 1 ∀ i. Since, we already
know the sequence for {ZN}, the above quantity can be
calculated for arbitrary large number of spins in the lad-
der. In our study, we obtain the asymptotic or saturated
value of SL, by considering, but not limited to, N = 100
rungs in Fig. 8 and Fig. 9. In fact, SL saturates at a rela-
tively low value of L (∼ 10) rungs. The behavior shows
that the valence bond entanglement entropy follows the
area law. This is consistent with exponentially decaying
correlations in two-legged RVB ladders [20, 55], which
suggests an area law for the entanglement entropy [56].
Therefore, in this case, the scaling of SL emulates the be-
havior of entanglement entropy. The saturation value of
SL can be expressed in terms of the rate of divergence,
α. For L = N/2 and SsatL = SN/2, in Eq. (22), we have
SsatL =
2ZN/2−1 × ZN/2−1
ZN
ln 2 =
2ZN/2
αN/2+2
ln 2 =
2p
α2
ln 2,
(23)
where, from Eq. (4), we have used that Zx+y = αyZx for
positive integers and large x and y. Here p = ZN/2/αN/2
is a constant for large N .
Along similar lines, one can obtain the valence bond
entanglement entropy in both doped and undoped
multi-legged RVB ladders, using just the generalized
sequence {ZN} derived in the previous sections. The
quantity SL for the three-legged ladder, bipartitioned
across L : N -L rungs, can be obtained from the recur-
sion in Eq. (8), by enumerating the singlets crossing the
boundary. The expression of SL is then given by
SL =
ln 2
ZN
(5ZL−1 × ZN−L−1
+ 2
N−L−1∑
i=1
ZL−2 × ZN−L−1−i). (24)
To obtain SsatL , we look at the leading terms in Eq. (24)
for the partition L = N/2. This gives us
SsatL =
5 ln 2
ZN
Z2N
2 −1(1 +
2
5α′2
+
2
5α′3
+ . . . ),
≈ 5 ln 2× ZN/2
α′N/2+2
=
5 ln 2 p′
α′2
, (25)
where p′ = ZN/2/α′N/2, at large N . From Fig. 8, we
observe that SsatL here is higher than that for the two-
legged RVB ladder. Therefore, an increase in the number
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FIG. 8. (Color online.) Variation of saturated valence bond
entanglement entropy with the number of legs. We consider
quantum spin ladders, with N = 100 rungs (200 − 400 spins),
for different doping concentrations, nh, and investigate the be-
havior of SsatL with increasing number of legs. The undoped
RVB ladder corresponds to the case where nh = 0. The vertical
axis is in ebits and is plotted on a logarithmic-scale.
0 0.2 0.4 0.6 0.8 1
nh
0
0.2
0.4
0.6
0.8
SL
sat
Two-legged
Three-legged
Four-legged
FIG. 9. (Color online.) Variation of saturated valence bond en-
tanglement entropy with the doping concentration. We con-
sider quantum spin ladders, with N = 100 rungs, for differ-
ent numbers of legs, and investigate the behavior of SsatL with
increasing doping concentration. The undoped case corre-
sponds to the case where nh = 0, with the completely vacant
lattice given by nh = 1. The vertical axis gives us the variation
of SsatL with the numbers of legs, for fixed nh. The informa-
tion presented in this figure therefore complements those in
Fig. 8. The vertical axis is ebits, while the horizontal one is
dimensionless.
of legs increases the average number of singlets across
the block boundary, when compared on the axis of the
number of rungs. One can make the same comparison
on the axis of the number of spins, instead of rungs, the
saturation values would remain unaltered.
For the N -rung four-legged RVB ladder, the expres-
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sion for the valence bond entanglement entropy is
SL =
ln 2
ZN
(10 ZL−1 × ZN−L−1
+ 2
N−L−3∑
i=1
ZL−1 × ZN−L−3−i), (26)
where the contributions to valence bond entanglement
entropy only arise from the |4¯〉 and |ξi〉 terms in Eq. (7).
Similar to the case for three-legged ladders, only the first
term in Eq. (26) dominates while contributing to SL, and
hence SsatL can be written as functions of the diverging
rate as 10p′′/α′′2, where p′′ = ZN/2/α′′N/2, at large N .
Interestingly, in this case (see Fig. 8), the value of the sat-
uration entropy, Ssat, exceeds the value obtained for the
two-legged case. However, it is lower than that of the
value of Ssat, for three-legged undoped ladder. This is
due to the fact that unlike the three-legged case, here the
number of dimer coverings those contribute to valence
bond entanglement entropy are less in number due to
the difference in odd-even RVB state recursion.
The valence bond entanglement entropy is also com-
putable for the doped RVB ladders provided the gen-
eralized sequence {ZN} and the corresponding diver-
gence rate are estimated, as obtained from Eqs. (15)-(20)
in Sec. IV. However, there is a considerable increase in
the inherent complexity in the system, due to the more
complicated dimer-monomer arrangement in the bipar-
tite lattice. The expression for SL, in terms of the gener-
alized sequences and fixed nh, for the two-, three-, and
four-legged doped RVB ladders are shown below:
S
2−leg
L,nh
=
ln 2
ZN,k
× (2
k−2∑
i=0
ZL−1,k−2−iZN−L−1,i + 2
N−L∑
i=1
k−i∑
j=0
ZN−L−i,k−i−jZL−1,j), (27)
S
3−leg
L,nh
=
ln 2
ZN,k
× (2
k−2∑
i=0
ZL−1,k−2−iZN−L−1,i + 2
N−L∑
i=1
k−i∑
j=0
ZN−L−i,k−i−jZL−1,j), (28)
S
4−leg
L,nh
=
ln 2
ZN,k
× (
3∑
j=1
j
k−j∑
i=0
ZL−1,k−j−iZN−1−L,i + 4
N/4∑
i=1
6i−3∑
j=0
ZN−4i−L−1,k−6i−jZL−1,j). (29)
The saturated value of the valence bond entanglement
entropy, SsatL , can be estimated for different values of
the hole concentration, nh, using Eqs. (27)-(29). To avoid
furnishing elaborate algebra, we do not present the ex-
pression for SsatL . However the values of the same, for
doped ladders with different number of legs and doping
concentration, have been plotted in Figs. 8 and 9.
In Fig. 8, we look at the variation of SsatL in quan-
tum spin ladders with increasing number of legs, for
different doping concentrations nh. The undoped RVB
ladder, given by nh = 0, corresponds to the general-
ized sequences obtained in Secs. II and III, and are not
the limiting cases for the doped spin ladders. The fig-
ure shows a distinct contrast between the SsatL in doped
and undoped RVB ladders, for different number of legs.
Specifically, for nh = 0, there exists a sharp difference
between odd and even-legged ladders. Thus, in the ab-
sence of doping, there is an odd-even dichotomy, which
arises from their respective spin Hamiltonians. For odd-
legged spin ladders there is a lack of spin-singlets ex-
clusively along the rungs in the recursion, such as the
states |1〉⊗N in Figs. 2 and 4, as there are odd number
of sites along a rung. These states increase ZN , with-
out contributing to SL (ai = 0). Hence, in the absence
of these states in odd-legged ladders, the average num-
ber of singlets crossing any L : N -L boundary increases,
and the SsatL is considerably higher. In contrast, in the
t-J Hamiltonian for doped quantum spin ladders, with
a monomer-dimer model, odd- and even-legged ladders
are treated on a more equal footing, resulting in a mono-
tonic decrease of SsatL with increasing number of legs.
This is evident from the fact that rung-singlets in odd-
legged ladders, which are missing in the undoped case,
instantly become available in the presence of dopants or
holes at the odd site of the rung. Hence, in terms of the
valence bond entanglement entropy, the odd-even dis-
parity between quantum spin ladders is mitigated due
to doping in the system.
Subsequently, in Fig. 9, we look at the variation of
SsatL with increasing doping concentration, for different
multi-legged quantum spin ladders. We observe that
introduction of even a small doping in higher-legged
ladders (legs > 2), has a strong effect on SsatL . This is
due to the fact that the transition from a multi-legged
dimer model, arising from a Heisenberg spin Hamilto-
nian, to a dimer hard-core boson or a monomer-dimer
model coming from a t-J Hamiltonian, in the case of
doping, drastically changes the nature of dimers formed
in the system, and subsequent recursion relations, es-
pecially in higher-legged ladders. In other words, the
transition from spin dimer to monomer-dimer arrange-
ments strongly affects the generalized sequences {ZN},
which give us SsatL . The presence of dopants in the sys-
tem allow for hole-dimer coverings which are not only
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radically different but are altogether absent from the un-
doped case. Although, the saturated value changes con-
tinuously with varying doping concentration, there is
a sharp transition when even a small, finite, doping is
introduced in the RVB ladder. Interestingly, if we look
along the vertical axis, and compare the plots with Fig. 8,
we observe that SsatL increases with the number of legs
in the undoped case, in contrast to doped spin ladders.
The possible explanation for the finding is that for the
same doping concentration, the number of holes in the
ladder is significantly larger in higher-legged ladders
leading to significantly lower saturated values of entan-
glement entropy across any bipartition, as compared to
the undoped case, where higher fraction of singlet con-
tributions exist for a higher number of legs. This can
be explained if we look at the recursion relations of the
RVB states for doped multi-legged ladders, in Eqs. (15),
(17), and (19). We observe that the bulk of the terms
in the recursion are generated from smaller configura-
tions. Hence, the number of terms which are product
across any bipartition grow more quickly with increas-
ing number of legs as compared to the terms that cross
the bipartition and contribute to the VBE. This affects
the overall fraction of terms which contributes to VBE,
leading to the lowering of the quantity with an increas-
ing number of legs. Therefore, ladders with lesser num-
ber of legs, turn out to be more robust against the effect
of doping or impurity in the system. The two-legged
ladder serves as an intermediary case between undoped
and doped multi-legged quantum spin ladders, under
the RVB ansatz.
VI. CONCLUSIONS
In this work, we show how a sequence enumerating
the number of valence bond coverings in both doped
and undoped multi-legged quantum spin ladders can be
estimated for arbitrary number of spins. Starting from
well-motivated spin models, arising from the Heisen-
berg and t-J Hamiltonians, we describe the low-lying
resonant ground states, under the resonating valence
bond ansatz, which provides us with the recursion rela-
tion for the RVB ladder state. Building on the Fibonacci
sequence for two-legged RVB ladders, we analytically
construct such generalized sequences for higher-legged
ladders, under different doping concentrations. Impor-
tantly, the derived sequences can be used to directly cal-
culate important physical quantities without employing
any sophisticated numerical methods.
The valence bond entanglement entropy in these
quantum spin systems with SU(2) symmetry can be ob-
tained as a direct consequence of derivation of these
generalized sequences. We derive the analytical expres-
sion for the valence bond entanglement entropy in terms
of the generalized sequences. We find the scaling of va-
lence bond entanglement entropy in these systems sat-
urates to a finite value, upon variation of the block-size
of the ladders, which is typical of the behavior of entan-
glement entropy in noncritical low-dimensional quan-
tum spin systems where the area law holds. By ob-
serving the asymptotic or saturated value of the valence
bond entanglement entropy, in both doped and un-
doped RVB ladders, we investigate the effects of doping
on the quantum spin ladders. In particular, we observe
a distinct dichotomy between undoped odd- and even-
legged ladders through the fact that the three-legged
ladder has a higher saturation value of valence bond en-
tanglement entropy compared to the even-legged lad-
ders. This is expected from the very different recursion
relations, for the respective states. The absence of com-
plete rung-singlets, with null contributions to the mea-
sure, increase the average valence bond entanglement
entropy in odd-legged ladders. In contrast, upon dop-
ing the quantum spin ladder, the odd-even dichotomy
is mitigated as the t-J interactions, and the subsequent
monomer-dimer arrangements in the recursion relation,
do not differentiate between odd- and even-legged lad-
ders. For instance, the absence of rung-singlets in odd-
legged ladders, is reversed by presence of dopants in the
spin ladder. Thus, as shown in our work, the presence
of dopants in the quantum spin ladders appears to mit-
igate the odd-even dichotomy in the scaling of valence
bond entanglement entropy.
The derivation of sequences, akin to the Fibonacci
sequence, to obtain the total number of dimer or
dimer-monomer coverings in the valence bond basis
for quantum spin systems with SU(2) symmetry may
prove to be useful in several other settings, especially
in complex- or higher-dimensional strongly-correlated
models, where numerical approaches based on tensor-
network or quantum Monte-Carlo may not be easily
accessible. Apart from investigating cooperative phe-
nomena in such systems, such investigations could also
be applied to estimate important physical quantities
in these systems, including entanglement, correlation
functions, and other information-theoretic system pa-
rameters and characteristics that are experimentally and
computationally useful.
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